The rear-end collision warning system requires reliable warning decision mechanism to adapt the actual driving situation. To overcome the shortcomings of existing warning methods, an adaptive strategy is proposed to address the practical aspects of the collision warning problem. The proposed strategy is based on the parameter-adaptive and variable-threshold approaches. First, several key parameter estimation algorithms are developed to provide more accurate and reliable information for subsequent warning method. They include a two-stage algorithm which contains a Kalman filter and a Luenberger observer for relative acceleration estimation, a Bayesian theory-based algorithm of estimating the road friction coefficient, and an artificial neural network for estimating the driver's reaction time. Further, the variable-threshold warning method is designed to achieve the global warning decision. In the method, the safety distance is employed to judge the dangerous state. The calculation method of the safety distance in this paper can be adaptively adjusted according to the different driving conditions of the leading vehicle. Due to the real-time estimation of the key parameters and the adaptive calculation of the warning threshold, the strategy can adapt to various road and driving conditions. Finally, the proposed strategy is evaluated through simulation and field tests. The experimental results validate the feasibility and effectiveness of the proposed strategy.
Introduction
Vehicle and road safety has been a key issue for the communities and governments. With emerging new technologies and knowledge, the advanced driver assistance systems (ADAS) [1, 2] have been proposed to reduce road accidents and improve vehicle safety. Since the rear-end collisions account for nearly 35% of all traffic accidents, the frontal collision warning/avoidance (FCW/FCA) systems can be considered as one of the main research orientations in ADAS nowadays [3] .
The FCW/FCA systems are designed to give a warning and/or perform autonomous braking when a collision is imminent [4] . In the literature, there are two possible solutions from different levels, that is, the sensor level and the warning algorithm level [5] . In other words, a well-designed FCW/FCA system collects environmental information by the in-vehicle sensors and makes quick and reasonable suggestions through the warning algorithm. To this end, there has been great interest in the environment perception technology and the warning algorithm. Compared with the related sufficient existing studies [6, 7] of the environment perception technology, the warning algorithm is still an open issue to be addressed [8] . The main reason is that the FCW/FCA systems are being used in a wide range of different areas and under very different circumstances; thus the existing algorithms do hardly meet the practical requirements in various driving environments [9, 10] .
Since the early 1990s, many FCW/FCA algorithms have been proposed [11] . Generally speaking, these algorithms can be divided into two major types, that is, distance-based algorithm and time-based algorithm [12] . At the current speed of the vehicle, the distance can be converted into the time domain; therefore, only the distance-based algorithm is discussed in this paper, and the proposed methodology can be easily extended to the time-based algorithm. The distance-based warning algorithm generally employs a twostep approach, namely, the calculation of the warning threshold or the safety distance and then the comparison between the warning threshold and the actual distance. Since the 2 Mathematical Problems in Engineering actual distance from the leading vehicle (LV) to the subject vehicle (SV) can be measured by the distance sensors such as radar, how to determine the safety distance is the main challenge of the distance-based warning algorithm.
In the existing FCW/FCA systems, the typical distancebased warning algorithms contain the fixed distance algorithm, the fixed time-headway algorithm [13] , the kinematicsbased algorithm [14] , the numerical algorithm [15] , and the driver model algorithm [16] . In addition, some artificial intelligence-(AI-) based algorithms have been developed to calculate the warning threshold in recent years, such as artificial neural network-based algorithm [17] and expert systembased algorithm [18] . However, these AI-based algorithms often require expert experience or prior knowledge, which may limit their practical application.
Both the fixed distance algorithm and the fixed timeheadway algorithm can adapt to the condition that the relative speed between SV and LV is low. However, the calculated safety distance is small and may lead to false negative (missed warning) in the condition of high relative speed. The numerical and driver algorithms model the nonlinear relationship between the warning threshold and the measured values, that is, speed, acceleration, and so forth, by fitting curves. Obviously these algorithms require a lot of experience or training data, so they are difficult to adapt to complex traffic environment and different drivers.
Among the existing distance-based algorithms, the kinematics-based algorithms are most widely used in the actual application. The kinematics-based algorithms calculate the warning threshold by analyzing the relative motion between SV and LV. The most well-known algorithms, such as Mazda algorithm, Honda algorithm, and Berkeley improved algorithm, belong to this category. However, each algorithm discussed above has its particular suitable condition and may cause large errors in other conditions. For example, Mazda algorithm is developed to suit the emergency stop condition of LV; thus the calculated safety distance in other conditions is too large and the warning time is too early, which may lead to false positive (false warning). Meanwhile, the calculated safety distances of the Honda algorithm and the Berkeley improved algorithm are too small and may lead to false negative.
It can be seen that there are some deficiencies in the existing algorithms discussed above. The main reason is that each algorithm is only suitable for a certain condition and unable to adapt to other conditions [19] . In others words, these algorithms do not have the adaptability to accommodate the change of the driving condition. To the author's knowledge, it can be attributed to the fact that it is difficult to accurately obtain some key parameters under the existing technical conditions. These parameters are often treated as constant and may deviate from the true value in some driving conditions, which may influence the reliability of the existing algorithms.
(1) These algorithms are difficult to adapt to the change of the road friction coefficient. The road friction coefficient is directly related to the maximum deceleration of SV and then affects the warning threshold. Although Tang and Yip [20] have proposed that the maximum deceleration should be adjusted according to different road friction coefficients, there is no effective way to measure the road friction coefficient for the FCW/FCA systems.
(2) The acceleration of LV or the relative acceleration between SV and LV cannot be accurately obtained; hence the algorithms are difficult to adapt to various driving states of LV. For example, in the acceleration and deceleration cases of LV, the corresponding calculation method for safety distance should be different.
(3) Since the driver's reaction time is usually considered as constant value, these algorithms are difficult to distinguish different drivers and driver's states.
As these key parameters are time-varying during vehicle operation and unable to be measured directly, the warning threshold of existing algorithms cannot be adaptively adjusted according to the actual driving conditions, which may result in serious false warning in complex traffic environment.
To realize reliable rear-end collision warning for the vehicle in complex traffic environments, this paper proposes an adaptive strategy based on the kinematics analysis of LV and SV. This strategy aims to address the practical aspects of the collision warning problem. In this strategy, both algorithms for key parameters estimation and the warning decision are developed to obtain higher performance. The novel aspects of this paper can be summarized as follows.
(1) Several key parameters estimation algorithms are developed to provide more accurate and richer information for subsequent warning method. They include a two-stage algorithm which contains a Kalman filter and a Luenberger observer for relative acceleration estimation, a Bayesian theory-based algorithm of calculating the road friction coefficient, and an artificial neural network for the determination of the driver's reaction time. Due to the parameters estimation algorithms in this paper, the information can be obtained more accurately in a wide range of driving circumstances, and then the performance and adaptability of subsequent warning method can be significantly improved.
(2) A variable-threshold method is proposed to realize reliable rear-end collision warning. In the implementation of variable-threshold method, the motion of LV is analyzed, and the warning threshold is calculated according to the driving state of LV, that is, acceleration, deceleration, and uniform motion. Compared with the existing kinematics-based methods, this method can adapt to different driving conditions due to the accurate estimation of the crucial parameters. Meanwhile, the warning threshold can be adjusted in accordance with the driving state of LV, which can remarkably reduce the missed warning and false warning.
It should be noted that this paper only focuses on the warning algorithm level of rear-end collision warning systems. However, the proposed strategy is not limited to the sensors described in this paper. Other advanced technologies, such as vehicle to vehicle communication (V2V), can also be applied to the proposed strategy.
The remainder of the paper is organized as follows. Section 2 gives an overview of the proposed strategy. The estimation algorithms of crucial parameters are discussed in detail in Section 3. Section 4 presents the variable-threshold method. Simulation and experimental results are provided in Sections 5 and 6. Section 7 is devoted to the conclusion.
Proposed Warning Strategy
The proposed strategy is shown in Figure 1 . Figure 1 is mainly composed of three parts, that is, multisensor module, key parameters estimation algorithms, and variable-threshold method for warning decision.
The multisensor module includes such sensors as millimeter-wave radar, wheel speed sensors, and low-cost GPS. The millimeter-wave radar provides the distance and relative speed between SV and LV with 20 Hz update rate. The low-cost GPS provides speed information of SV, and the vision sensor only provides the path offset information of SV. The accelerometer is only along the longitudinal axes in vehicle body frame.
Several estimation algorithms are developed to acquire the information of key parameters. First, a two-stage algorithm is designed to obtain accurate relative acceleration between SV and LV; thus the acceleration of LV can be calculated. The two-stage algorithm contains a Kalman filter and a Luenberger observer. Both the Kalman filter and Luenberger observer have been verified to be effective and robust for the system. Then, a Bayesian theory-based algorithm is presented to estimate the road friction coefficient which can represent the different types of road. The road friction coefficient directly affects the maximum braking deceleration and thus affects the calculation of the safety distance. In addition, a Back Propagation (BP) artificial neural network is designed to determine the driver's reaction time. These parameters' estimation algorithms can provide richer information for the subsequent warning method.
The variable-threshold method is proposed to realize the warning decision. Through the kinematics analysis of the relative motion between LV and SV, the warning threshold or safety distance is calculated in real-time. Due to the previous estimation of crucial parameters, the warning distance can be adaptively adjusted according to various road conditions and different driver's states. Further, the variable-threshold method, respectively, calculates the safety distance according to the different driving states of SV, that is, acceleration, deceleration, and uniform motion, so it can remarkably reduce the missed warning and false warning compared with existing methods.
Key Parameters Estimation Algorithms
As discussed above, there are three key parameters that may affect the performance of the warning strategy, that is, the relative acceleration, the road friction coefficient, and the driver's reaction time.
Estimation of Relative Acceleration.
Accurate identification of LV's driving state (i.e., accelerated motion state, constant speed state, and decelerated motion state) can improve the adaptability of the subsequent warning method. The calculation method of the safety distance should be different under the different states of LV. Meanwhile, the accurate estimation of the value of LV's acceleration can improve the accuracy of the safety distance. The acceleration of LV can be calculated by the relative acceleration plus SV's acceleration. However, the relative acceleration is hardly to be measured directly under the existing technologies. In the related literature, the relative acceleration is usually obtained by the following methods.
(1) The relative acceleration is calculated by the direct differentiation of the relative speed. However, this method may cause serious calculation error, data loss, and latency [21] .
(2) The model of the relative movement is created, and the filtering methods are used to estimate the relative acceleration. This method is widely used in the field of vehicle tracking, but the effectiveness of this method depends on the accuracy of the model and the validity of the observational information. The commonly used models, such as the constant velocity (CV) model and the constant acceleration (CA) model, cannot accurately describe the change of the relative acceleration. Hence, the estimation error is large [22, 23] .
(3) With the development of vehicle-to-vehicle communication (V2V) technology, the acceleration of LV can be transmitted from the LV itself by using the V2V. However, the V2V technology is still in the research stage and needs costly additional hardware [24] .
A two-stage algorithm is developed to estimate the relative acceleration between SV and LV, as shown in Figure 2 . In this algorithm, the relative distance and the relative speed which are measured by radar are used as observational variables, and the relative motion model which can accurately describe the change of the relative acceleration is established. The Kalman filter (KF) is designed to preliminary estimate the relative acceleration utilizing the relative motion model, and then the Luenberger observer is adopted to estimate the preliminary estimation bias based on the relative speed. Therefore, the preliminary estimation result is corrected, and the relative acceleration can be accurately obtained.
Describing the statistical distribution of the relative acceleration is a difficult problem. The commonly used CV and CA models are difficult to describe the dynamic change of the relative acceleration. Therefore, the "current" statistical model which is widely used in the navigation field [25] is adopted in this paper. In this model, the region of the relative acceleration during the time period is limited and around the "current" relative acceleration. The current probability density of the relative acceleration change has the form of modified Raleigh density [26] . The discretized state equation and measurement equation can be written as
where refers to the discrete-time step; the state vector is X = [ V ] , where , V , and are the relative distance, speed, and acceleration between SV and LV, and the measurement vector is Z = [ radar V radar ] , where radar and V radar are the observed relative distance and speed from radar. The state transition matrix A [25, 27] , the system input matrix U, and the measurement matrix H are
where is the sampling time period and is the maneuvering time constant. For vehicle movements [27] , maneuvering time constant generally ranges from 1 to 20 s. is the mean value of the current relative acceleration, and it can be expressed approximately aŝ( − 1), which refers to the filter calculation result of ( − 1); W and V are the system and measurement noise vectors. The covariance matrix of [25, 26] . In the actual implementation of the model for vehicle, Q( ) can be
]. According to the modified Rayleigh distributions [27] , the square error of relative acceleration can be deduced as
( ) is the filter calculation result of ( ) and max and −max are the maximal positive acceleration and the maximal negative acceleration, respectively; the covariance matrix of
, where 2 and V 2 can be determined according to the measurement noise statistics of radar. The Kalman filtering process consists of the following two phases:
Time update:
Measurement update:
The relative acceleration, that is, estimate , can be preliminary estimated by using Kalman filter. However, there is large bias in the preliminary estimation result. To calculate the relative acceleration accurately, the bias needs to be estimated and removed from the preliminary estimation result. Note that the relative speed can be accurately obtained from radar. On the other hand, the relative speed can also be obtained by integrating the preliminary estimated relative acceleration estimate . Due to the bias present in the preliminary estimation signal, the relative speed calculated by the integration of estimate usually drifts. A combination of these two signals provides a way to determine the preliminary estimation bias.
A Luenberger observer is designed to estimate the bias. Assume that offset denotes the estimation bias and that it has a slowly varying characteristic, the state-space equations can be described as follows: Based on (6), the Luenberger observer can be described asV
whereV and̂o ffset are the estimated values of the relative speed and the relative acceleration bias and 1 and 2 are the observer feedback gains. The relative acceleration bias, offset , can be estimated and used to correct the preliminary estimated relative acceleration; that is, the final estimation result of the relative acceleration is = estimate − offset .
Bayesian Theory-Based Road Friction Coefficient Determination.
The longitudinal road friction coefficient is an essential parameter for the vehicle braking performance. It directly affects the maximum braking deceleration and thus affects the safety distance. For example, if other conditions are the same, the safety distance in low friction coefficient road is obviously larger than that in high friction coefficient road. To illustrate the effect of the road friction coefficient on the calculation of the safety distance. One test under different road friction coefficients is shown in Figure 3 .
It can be seen in Figure 3 that if other conditions are the same, the safety distance is very different with the change of road friction coefficient, that is, up to hundreds of meters, which can remarkably influence the performance of the warning algorithm. Hence, to meet the adaptability requirement of FCW/FCA systems, the road friction coefficient must be accurately estimated under normal driving conditions in real-time.
Although Tang and Yip [20] have pointed out that the maximum deceleration should be adjusted according to different road conditions, there is no effective way to accurately obtain the road friction coefficient for FCW/FCA systems.
In the field of active safety control systems such as antilock braking system (ABS), the road friction coefficient estimation method based on the vehicle longitudinal dynamics is most feasible [28, 29] . The relationship between normalized longitudinal tire force and slip ratio is different under different road conditions, which is the basis of utilizing the vehicle longitudinal dynamics to estimate road friction coefficient [28] .
The most well-known research in this area is on the use of "slip-slope" for friction coefficient identification [28] . However, this method is only suitable for the condition of the low slip ratios. The parameter estimation method is another commonly used method [29] . But only at the large slip ratios, the estimation results will be approximate to the true value. Therefore, the main problem of the road friction coefficient estimation algorithms is that these algorithms cannot be applied to both high and low slip ratios simultaneously. Meanwhile, these algorithms are not suitable for rear-end collision warning system due to the use of expensive sensors [29] or large computational complexity [30] .
To solve these problems, an estimation algorithm based on the Bayesian theory is proposed in this paper. This algorithm utilizes the relationship between normalized longitudinal tire force and slip ratio to identify the longitudinal tireroad friction coefficient, which can quickly and accurately estimate the longitudinal road friction coefficient both at high and low slip ratio conditions, as shown in Figure 4 .
Assuming that all wheels are under the same road surface condition, it means that the friction coefficient is assumed to be the same at each wheel of the SV, which is true for many driving situations.
If only longitudinal motion is considered and the lateral force is ignored, the normalized longitudinal tire force and slip ratio at each wheel can be represented as [31] Mathematical Problems in Engineering where is the angular wheel speed; is the tire radius; V is the speed of SV; is the longitudinal force from ground to wheel; and is the normal force.
The proposed estimation algorithm for road friction coefficient is described as follows:
(1) The longitudinal slip ratios of front and rear wheel axles, and , are calculated utilizing (8), respectively.
(2) A simplified magic formula tire model [32, 33] is adopted and the model can be described as
where is the road friction coefficient and and are the model parameters. Therefore, the normalized longitudinal tire forces of the front and rear wheel axles can be described as
where and are the normal forces at front and rear tires; they can be calculated as follows:
where 1 and 2 are the distances from the center of gravity to the front and the rear axles. Due to the assumption that the front and rear tires are on the same road condition, the total longitudinal force is
Assume that the road friction coefficients are 1 = 0.2, 2 = 0.4, 3 = 0.6, 4 = 0.8, and 5 = 1.0, respectively. For the five assumed road friction coefficients, the corresponding assumed simplified magic formula [32] tire models are established, as shown in Figure 5 . In the th ( = 1, 2, 3, 4, and 5) assumed model, the longitudinal force can be calculated as
The longitudinal vehicle dynamics model [34] can be written as
where is the mass of the vehicle; is the real-time vehicle longitudinal acceleration;
is the air resistance coefficient; roll is the rolling resistance coefficient; and is the acceleration of gravity.
Therefore, in the th assumed tire model as (13) , the corresponding acceleration is calculated as
(3) The defined deviations are
where is the actual acceleration which is measured by the accelerator. The conditional probability corresponding to each assumed road friction coefficient can be described as the probabilities distribution of the . Assuming that the errors obey the Gaussian distribution, the likelihood function can be obtained as follows:
where is the standard deviation. (4) Define the a priori probability for the th assumed road friction coefficient as ( ). ∑ 5 =1 ( ) = 1; according to the Bayesian theorem [35] , the posterior conditional probability for is
(5) The actual road friction coefficient can be identified as follows:
Mathematical
Estimation of the Driver's Reaction Time.
A large number of literature references and experimental results indicate that the driver's reaction time is generally 0.3∼1.5 s [36, 37] . Due to the wide range of the driver's reaction time, it has a great impact on the safety distance. For example, if the speed of vehicle is 30 m/s, the calculated distances are 9 m and 45 m; when the driver's reaction time are 0.3 s and 1.5 s, respectively, they are 36 m away. The driver's reaction time is closely related to the driver fatigue, the weather condition, and the speed of vehicle. According to [38, 39] , the steering wheel angle and the offset value to the road centerline can be used as the evaluation criteria of the driver fatigue.
However, how to mathematically model the nonlinear relationship between the driver's reaction time and these factors is a challenge. For this reason, a BP neural network-based algorithm is proposed to determine the driver's reaction time according to its general ranges.
Neural network is powerful to model nonlinear function which can be trained offline utilizing the experiment data collected in specific environment. Compared with other modeling methods, neural network has higher generalization ability to adapt to more complex environments.
As shown in Figure 6 , this model has four inputs and one output. The output is the driver's reaction time. The inputs are the speed of vehicle, the steering wheel angle, the offset value to the road centerline, and the weather condition. The former three inputs can be measured by the corresponding sensors in real-time. The weather condition can be divided into four types, that is, sunny, rainy, snowy, and foggy, and can be selected beforehand. The training data is collected through experiments in different situations. The training process is offline, and the trained BP neural network is used to determine the driver's reaction time online.
There are 7 nodes in the hidden layer in the neural network. The model uses the standard BP algorithm, the transfer function from the input layer to the hidden layer is the bipolar function ( ) = 1/(1 + − ), and the transfer function from the hidden layer to the output layer is the linear function ( ) = . Many literature references show that the BP neural network algorithm is mature [40, 41] , so the specific implementation of the algorithm will be not discussed in this paper.
The network weights and thresholds of the hidden layer and the output layer are obtained by using MATLAB offline training; then another set of inputs are simulated and analyzed; the results are shown in Table 1 .
A Variable-Threshold Method for Rear-End Collision Warning
As shown in Figure 7 , two vehicles are driving on the road, that is, the subject vehicle (SV) and the leading vehicle (LV). SV and LV constitute a rear-end collision system. The safety distance is defined as the minimum distance required to stop the SV to avoid collision; it is used to be compared with the actual distance to judge the collision danger. A variable-threshold calculation method of the safety distance is proposed in this section. This method adopts different calculation method under different states of LV. The speeds of SV and LV are V and V 0 , respectively; then the relative speed is V = V 0 − V . Considering the actual driving situation, the rear-end collision may occur only when V < 0. Define that the maximum braking deceleration of SV is , the brake lag time is 1 , the continuous braking time is 2 , and the real-time acceleration of LV is 0 . The safety distance can be calculated through the distance traveled by the SV minus the distance traveled by LV in period ( 1 + 2 ):
In (20), V 0 = V + V ; = × , where is the acceleration of gravity and is the road friction coefficient. 0 = + , is the acceleration of SV. The brake lag time 1 consists of three parts [36, 37] , that is, the driver's reaction time, the braking coordination time, and the deceleration increase time. According to experience value, the braking coordination time is 0.35 s. The deceleration increase time depends on the type of brake; the values of the hydraulic brake system and the air brake system are 0.2 s and 0.7 s, respectively. The driver's reaction time, the road friction coefficient, and the relative acceleration are crucial parameters in (20) , and the estimation algorithms are discussed in Section 3.
The continuous braking time 2 expresses the period in which the SV maintains its maximum deceleration speed and is strongly related to the driving states of LV, that is, accelerated motion state, constant speed state, or decelerated motion state. Therefore, the value of 2 must be calculated according to the different driving states of LV, and then is correspondingly calculated.
(1) 0 = 0; that is, LV is driving at a constant speed. In this case, the collision only occurs when the speed of SV is greater than the speed of LV. Therefore, only this condition is considered. If the SV slows down to the speed of LV, that is, V = V 0 , and keeps a certain distance from LV, the collision can be avoided. In this situation, SV maintains its maximum deceleration to the moment when the speed of SV is equal to that of SV; namely, 2 can be expressed as 2 = (V 0 − V )/ = V / , and then the corresponding safety distance is
(2) 0 > 0; that is, LV is accelerating. In this situation, the collision also only occurs when the speed of SV is greater than the speed of LV. Since LV is accelerating, the speed of LV reaches to V 0 + 0 1 at the moment when SV starts to brake. If the speed of SV can be reduced to V 0 + 0 1 + 0 2 after braking, the safety can be guaranteed. That is, 2 = (V + 0 1 )/( − 0 ), and the needed safety distance can be calculated as
(3) 0 < 0; that is, LV is decelerating. This situation is very dangerous. In this situation, only the speed of SV can be reduced to 0 after braking, that is, in stationary state, and SV keeps a certain distance to LV at the moment SV stops; the safety can be guaranteed; namely, 2 = −V / , and then the corresponding safety distance is
This method can adaptively calculate the safety distance according to the different driving states of LV and thus can effectively avoid too large or too small safety distance. Assuming that the is the real-time distance between SV and LV, by analysis of the method, we can get the following conclusions:
(1) In the situation when 0 ≥ 0: if V ≥ 0, the collision does not occur, if V < 0, the collision does not occur as long as the braking is performed in the period when ≥ .
(2) In the situation when 0 < 0, the collision does not occur if the braking is performed in the period when ≥ .
Simulations
The proposed strategy was first evaluated through extensive simulations, which were performed under typical driving scenarios using CarSim in MATLAB/Simulink. Due to the experimental condition limitation and the safety concern, many algorithms are difficult to be verified in real experiments, that is, the road friction coefficient estimation algorithm and the variable-threshold method. Since the real experiments will be described in the next section, the simulations were only used to verify the road friction coefficient estimation algorithm and the variable-threshold method.
Performance of the Road Friction Coefficient Estimation
Algorithm. The proposed algorithm can be apt for both high and low slip ratios. However, the high ratio scenario is hard to achieve in experiment, and the low friction coefficient scenario is dangerous for the driver. Therefore, the effectiveness and feasibility of the proposed algorithm in extreme conditions are firstly verified by simulation.
The proposed algorithm is validated in high and low slip ratios conditions with the tire-road friction coefficient changed from 0.8 to 0.2, and the estimation results are compared with the conventional slip-slope algorithm. Simulation results show that the proposed algorithm can be applied to both high and low slip ratios and can quickly respond to the change of road condition with high accuracy. Figures 8 and 9 are simulation results in the low ratios condition. The figures show that the values of slip ratio are small, and the proposed algorithm can quickly identify the road friction coefficient with high accuracy; the error is less than 0.1. From Figure 8 , the proposed algorithm can converge to the true value within 2 s when the tire-road friction coefficient jumps, which can meet the real-time requirements.
Simulation at Low Slip Ratios Condition.

Simulation at High Slip Ratios Condition.
The conventional slip-slope algorithm is no longer suitable for the high slip ratios condition because the relationship between and is no longer linear. Figures 10 and 11 are simulation results in the high slip ratios condition. The figures show that the slip-slope algorithm produces a great error. The proposed algorithm can quickly identify the road friction coefficient with high accuracy at high slip ratios and can quickly respond to the change of road condition.
Evaluation of the Variable-Threshold Method.
The real road test for warning method may be dangerous in some cases, especially in the extreme conditions such as the short distance between LV and SV or the emergency braking situation of LV. Therefore, the proposed warning method was firstly verified through simulation. Five cases are set up to emulate the typical rear-end collision warning conditions. To evaluate the effect of the proposed method, the widely used kinematics-based methods, that is, Mazda method, Honda method, and Berkeley improved method, are also investigated for comparison. It should be noted that the simulation Mathematical Problems in Engineering only aims to verify the proposed variable-threshold method itself and does not consider the change of parameters.
Assume that the driver's reaction time is 0.75 s and the road friction coefficient is 0.6. The five cases are set up as follows:
(1) LV and SV drive at constant speed, and the speeds of LV and SV are 100 km/h and 120 km/h, respectively. In the initial moment, the distance between LV and SV is 200 m. (5) LV and SV drive at constant speed in the initial moment, that is, 110 km/h, and then the LV suddenly stops due to the emergency situations (e.g., LV hits the obstacle). The initial distance between LV and SV is 150 m, and then the speed of LV suddenly becomes 0.
For the four methods, that is, proposed variable-threshold method, Mazda method, Honda method, and Berkeley improved method, Figure 12 shows the simulation results in the five cases. It should be noted that the Honda method and Berkeley improved method employ two level threshold, that is, the early warning distance and the brake warning distance.
In Figure 12 , the lines with different colors represent the safety distances which are calculated by different methods in real-time, and the black dotted vertical lines are the corresponding warning times.
The main advantage of the variable-threshold method is the appropriate value of the safety distance, that is, neither too large nor too small. If the safety distance is too large, the corresponding warning time is too early and may interfere with normal driving operation (i.e., false positive). If the safety distance is too small, the corresponding warning time is too late and the reaction time for driver is not sufficient to avoid collision (i.e., false negative). approximate to the results of these two methods. It can be verified that our method can adapt to different conditions. Other methods such as Mazda method lead to too early warning and may interfere with normal driving operation.
Case (3) simulates a typical dangerous condition in highway that LV and SV drive at the same speed and keep a safety distance, and then LV brakes with a deceleration of −2 m/s 2 . From Figure 12 (c), we can find that the warning time estimated by the proposed method is about 6.6 s, which is approximate to the early warning time of Honda method and is obviously different from that of other methods. The main reason is that this case is similar to the early warning scenario defined by Honda method, and other methods are unable to adapt to this case. If the driver starts to brake at 6.6 s, the actual distance between LV and SV is 15.68 m when the vehicles are in the safe state. The proposed strategy can avoid the collision accident and leave a certain safety distance between SV and LV. Taking Mazda method as an example, the corresponding warning time is about 5.1 s. If the driver starts to brake at 5.1 s, the actual distance between LV and SV is 42.31 m when the vehicles are in the safe state. This distance is too long and may interfere with normal driving operation.
Case (4) simulates a more dangerous condition that LV and SV drive at the same speed and keep a safety distance, and then LV brakes with a high deceleration of −7 m/s 2 due to the emergency situation. From Figure 12(d) , it can be seen Distance between LV and SV Early warning distance by using Honda algorithm Brake warning distance by using Honda algorithm Early warning distance by using Berkeley improved algorithm Brake warning distance by using Berkeley improved algorithm Safety distance by using proposed algorithm Distance between LV and SV Safety distance by using Mazda algorithm Early warning distance by using Honda algorithm Brake warning distance by using Honda algorithm Early warning distance by using Berkeley improved algorithm Brake warning distance by using Berkeley improved algorithm Safety distance by using proposed algorithm Distance between LV and SV Safety distance by using Mazda algorithm Early warning distance by using Honda algorithm Brake warning distance by using Honda algorithm Early warning distance by using Berkeley improved algorithm Brake warning distance by using Berkeley improved algorithm Safety distance by using proposed algorithm Distance between LV and SV Safety distance by using Mazda algorithm Early warning distance by using Honda algorithm Brake warning distance by using Honda algorithm Early warning distance by using Berkeley improved algorithm Brake warning distance by using Berkeley improved algorithm Safety distance by using proposed algorithm Distance between LV and SV Safety distance by using Mazda algorithm Early warning distance by using Honda algorithm Brake warning distance by using Honda algorithm Early warning distance by using Berkeley improved algorithm Brake warning distance by using Berkeley improved algorithm Safety distance by using proposed algorithm that the warning time estimated by the proposed method is about 3.4 s, which is approximate to the brake warning time of the Berkeley improved method. The phenomena can be attributed the similar reasons as case (3) . The warning times of other methods are too early and then may lead to false negative.
Case (5) is the most dangerous condition in highway which is suitable for the early waning of the Berkeley improved method and the Mazda method. From Figure 12 (e), we can find that the warning time estimated by the proposed method is approximate to the results of the early waning of Berkeley improved method, that is, about 0.1 s. If the driver starts to brake at this moment, the actual distance between LV and SV is 11.28 m when the vehicles are in the safe state. The proposed strategy can avoid the collision accident and leave a certain safety distance between SV and LV. Compared with other methods such as brake warning of Honda method, the warning time is about 2.5 s. If the driver starts to stop at 2.5 s, SV will hit LV and thus the collision occurs.
Through the above analysis, it is clear that each of the conventional methods has its specific case and can work well in this case. However, one method is unable to adapt to other cases and will lead to false negative or false positive in other cases. The proposed variable-threshold method can combine the advantages of these conventional methods; that is, it can adjust the calculation method of safety distance according to the driving state of LV to make the method adapt to various scenarios. In a particular scenario, the safety distance calculated by the proposed method is approximate to that of the corresponding method which can adapt to the certain scenario.
In addition, the proposed method has other advantages; for example, it can accommodate to different road conditions and driver's states; that is, the road friction coefficient and driver's reaction time can be estimated in real-time to further improve the adaptability under different driving scenarios. These characteristics are not verified by the simulation and will be validated through the real experiments in the next section.
Experimental Results
To further verify the performance of the proposed warning strategy in practice, experiments were conducted on a Buick Sail SRV vehicle. It was equipped with many low-cost sensors as shown in Figure 1 . The experiments were carried out on the campus. During the experiments, all sensor data were collected, and then the warning strategy was evaluated by using the logged data. For brevity, only two tests are shown here as an example because similar conclusions can be drawn by other tests.
Experiment 1.
In this experiment, the test duration is 50 s, and the experimental road contains the dry and wet asphalt roads. Parts of the signals collected by the sensors are shown in Figure 13 to illustrate the driving status.
Performance of Key Parameters Estimation Algorithms
(1) Performance of the Relative Acceleration Estimation Algorithm. Figure 14 gives the estimation processes and results of the relative acceleration. For comparison and analysis, the estimation result by the Euler forward difference method is also investigated.
It can be seen that the relative acceleration estimation result based on the Euler difference method (Figure 14(c) ) has great error, and there are large amounts of data loss and latency. But the curve is in line with the changing trend of the relative speed. The relative acceleration preliminary estimation result based on Kalman filter (the blue dashed line in Figures 14(a) and 14(d) ) does not meet the relative speed changing trend at some point, but there are no data loss and latency. The second stage estimation of relative acceleration (the purple solid line in Figures 14(a) and 14(d) ) combines the advantages of both methods. It is in accordance with the changing trend of the relative speed and has high accuracy. For example, the relative speed declines in 27-30 seconds, so the corresponding relative acceleration should be less than 0. But the preliminary estimation result of the relative acceleration is more than 0 before correction, and this problem is solved by using the correction algorithm in the second stage. To obtain the reference value of relative acceleration to verify the effectiveness of the proposed algorithm, two accelerators are installed on the LV and SV to measure their accelerations, respectively. Figure 14 Obviously the corrected value has smaller error and better accuracy, and it is consistent with the change of the relative speed. Therefore, the proposed algorithm can provide more accurate relative acceleration information and then can improve the performance of subsequent warning method. Figure 15 shows the estimation results of the road friction coefficient and the driver's reaction time. From Figure 15 (a), we can find that the road friction coefficient changes from about 0.4 to about 0.7 when the vehicle drives from the wet asphalt road to the dry asphalt road, which are approximate to the theoretical values. It can be seen in Figure 15 (b) that the driver's reaction time can change according to the different driving situations.
(2) Performance of Road Friction Coefficient and Driver's Reaction Time Estimation Algorithms.
Performance of Variable-Threshold Warning Method.
To evaluate the performance of the proposed variable-threshold method, other commonly used methods, such as Mazda method, Honda method, and Berkeley improved method, are also investigated for comparison. Figure 16 illustrates the real-time distance between LV and SV and the estimated safety distances from proposed and other commonly used methods.
From Figure 16 , we can find that the warning is issued to warn the driver only in the 27-30 s. In the periods, the relative speed is less than 0; that is, the speed of SV is far greater than that of LV. Meanwhile, the distance between LV and SV is short and the speed of SV is large. Therefore, the warning time has a good agreement with the actual situation and the intuitive sense of the driver.
In this experiment, the warning times of two methods, that is, Mazda method and the early warning of the Berkeley improved algorithm, are earlier than that of the propose strategy, and the warning is not activated in other methods.
Assuming that SV and LV keep their current state after 27 s, by analyzing the relative movement and calculating the time to collision (TTC), we can deduce the conclusion that the collision may occur within 5 s. Therefore, the warning is necessary in this situation, and the other methods which have no warning may lead to false negative. Taking the warning time of the Mazda method, that is, 15 s, as example, the TTC is about 25 s; namely, assuming that SV and LV keep their current state after 15 s, the collision may occur after 25 s.
Obviously the warning time is too early and may lead to false positive.
The experiment contains different driving scenarios, that is, the acceleration and deceleration of LV and SV, and the road friction coefficient changes. Other methods are only suitable for a specific case and assume that the road friction coefficient is constant. The proposed method can combine the advantages of these conventional methods and can estimate the road friction coefficient in real-time, which can obviously improve the adaptability.
From the above analysis, we can get the similar conclusions as the simulation results in Section 5.2; that is, compared with other methods, the proposed method has some advantages; for example, it can adapt to various driving states of LV, various road conditions, and various driver's states.
Experiment 2.
Another experiment was carried out on the dry asphalt road. The test duration is 40 s, and the experiment also contains different driving scenarios, that is, the acceleration and deceleration of LV and SV. Parts of the signals collected by sensors are shown in Figure 17 . Figure 18 shows the key parameters estimation results of experiment 2. The estimation results have a good agreement with the actual situation.
From Figures 18(a) and 18(b) , we can find that the proposed relative acceleration estimation algorithm has high accuracy; that is, the estimation error is less than 0.3 m/s 2 . The estimated road friction coefficient is about 0.7, which is approximate to the theoretical value of the dry asphalt road. The driver's reaction time is varying with the change of driving status and eventually converges to about 0.5 s. Figure 19 shows the real-time distance between LV and SV (black solid line) and the estimated safety distances by proposed strategy (blue dashed line). It is clear that there is no condition needs warning. It can be seen in the calculation formula of safety distance that the distance can be modified to adapt to the actual road condition if the actual road friction coefficient is available. To illustrate the impact of the road friction coefficient on the safety distance, it is assumed that the road friction coefficient is 0.2, and the responding safety distance is calculated (purple dashed line). Obviously, the calculated safety distance in the case that the road friction coefficient is 0.2 is far larger than that in the case that the road friction coefficient is 0.7, and the warning is required at some time points. Thus we can see that the proposed method can adaptively adjust the safety distance according to the road condition. However, other methods cannot adapt to the road condition because the friction coefficient is assumed as a constant.
Conclusions
To realize reliable warning for rear-end collision of the vehicle, an adaptive distance-based warning strategy is proposed.
The proposed strategy is based on the parameter-adaptive and variable-threshold approaches.
In the proposed strategy, both the parameter estimation algorithms and the warning decision method have been developed to obtain higher performance. First, the estimation algorithms for some key parameters are developed, which can provide accurate information for the subsequent warning method. Further, the variable-threshold method has been designed to realize reliable warning decision. The effectiveness of the proposed strategy has been verified comprehensively. The simulation and experimental results show that the proposed strategy has higher adaptability and reliability than existing methods.
The key parameter estimation algorithms in proposed strategy can equally be applied to other vehicle active safety systems such as antiskid brake system (ABS) and traction control system (TCS). Our future work will concern how to further improve the performance of the proposed parameter estimation algorithms and to solve other issues involved in the study of rear-end collision warning system, such as the further elimination of false alarm and anticollision problems in curve road and multilane scene.
